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Abstract 

This paper presents some considerations about the Goldbach's conjec- 
ture (GC). The work is based on elementary results of the number theory 
and it provides a constructive method that permits, given an even integer, 
to find at least a pair of prime numbers according to the GC. Eventually a 
correlation will be provided between this constructive method and a class 
of problems of operations research. 
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1 Introduction 

In his famous letter to Leonhard Euler dated 7 June 1742[TJ, Christian Gold- 
bach stated his famous conjecture that "every integer greater than 2 can be 
written as the sum of three primes", statement that is equivalent to that every 
even number is a sum of two primes, as Euler stated in the letter dated 30 
June 1742 ("I regard this as a completely certain theorem, although I cannot 
prove it"). This strong Goldbach conjecture implies the conjecture that all odd 
numbers greater than 7 are the sum of three odd primes, which is known today 
variously as the "weak" Goldbach conjecture, the "odd" Goldbach conjecture, 
or the "ternary" Goldbach conjecture. 

In 1923 the ternary conjecture has been proved under the assumption of the 
truth of the generalized Riemann hypothesis [TU], in 1937 Vinogradov[4 removed 
the dependence on the Riemann Hypothesis, and proved that this it true for all 
sufficiently large odd integers. In 1956 Borodzkin showed that an integer greater 
than a large integer is sufficient in Vinogradov's proof. In 1989 and 1996 Chen 
and Wang reduced this boundjT]. Using Vinogradov's method, Chudakov,van 
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der Corput, and Estermann|5J[|)J|H] showed that almost all even numbers can be 
written as the sum of two primes (in the sense that the fraction of even numbers 
which can be so written tends towards 1). In a very recent paper mathematician 
Terence Tao of the University of California, Los Angeles, has inched toward a 
proof, in fact he has shown that one can write odd numbers as sums of, at most, 
five primes |23| . 

Although believed to be true, the binary Goldbach conjecture is still lacking 
a proof. We state it as follows. 

Statement 1.1. Every even integer greater than 4 can be written as the 
sum of two primes. 

2 Alternative statement of the problem 

Consider a natural number e, we can state the conjecture in term of the even 
natural number 2e as follows. 

Statement 2.1. For every integer e > 3 there exists a couple of odd 
prime numbers q\ and qi such that e is their semi-sum, that is: e= qi ~^ q2 .□ 

This statement is equivalent to the original one considering that 2e, with e 
a generic integer, is always an even natural, and that the original statement is 
verified for number 4 as it is the sum of 2 + 2, with 2 the even prime. 

Definition 2.1. Two prime numbers qi and q^. with q2 > e > q±, are 
called mirror primes respect to an integer e if there exists an integer d such that: 
e— q 1 = q 2 — e = d > 1. 

So another equivalent statement to 2.1, and of course to 1.1, is (see the 
figure) : 

Statement 2.2. For every natural e > 3 there exists a pair of mirror 
primes respect to e.D 




The statement 2.2, leads us to analyze when, given a natural number e, there 
exists at least one integer d defining two mirror primes respect to e. First of 
all we have to ask if and when there exist such number d> 1 (or, if it is taken 
as negative quantity, it must hold: d < —1). Moreover we are interested in an 
integer such that e ± d are primes (recall that the primality can be checked by 
means of an efficient algorithm currently available [I]). 
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3 Notation 



Let observe that in the following we use that notation: 

With the symbol n(x) we denote the number of primes less than or equal to 

x. 

With the expression (n, m] we indicate the interval open on left and close on 
right. 

With the expression a j b we denote that a doesn't divide b. 

In some passages the symbol [x] indicates the greatest integer less then or 
equal to x, but in general the square brackets are used to group symbols in an 
expression. 

4 The Chinese Remainder Theorem and the num- 
ber d 

About the existence of prime numbers in the intervals definened by the number 
e, that is (0, e) and (e, 2e), the following result holds. 

Lemma 4.1. Given an arbitrary integer e > 3 there is at least one prime 
number in the intervals (0, e) and (e, 2e — 2) . 

Proof. In the first interval we have trivially at least the two primes 2 and 
3. Regarding the second interval, actually it is the Bertrand's postulate, also 
called the Bertrand-Chebyshev theorem or Chebyshev's theorem: it states that 
if e > 3, there is always at least one prime p between e and 2e — 2 |15j.D 

Furthemore we can ask if there are particular relations among qi, q 2 , e, and 
d. We can easily observe that the mirror primes can not be prime factors neither 
of the natural number 2e nor of d. We summarize those remarks in the following 
Lemma. 

Lemma 4.2. Given e, even integer number, for all pairs of mirror primes 
respect to e it holds: 

(a) qi\ e; 

(b) ?at 2e 5 

(c) q x \ d. 

Proof. We prove (a) by reductio ad absurdum. We have: q2= 2e- q\, and 
if q\\e then q\\q2, but q^is prime and so it is impossible. The statement (6) 
follows from the identity q\= 2e - g^and from the fact that giis by hypothesis 
prime. Similarly the third statement follows from observing that q 2 = q±+ 2d.D 

Remembering that a prime number is a natural number greater than 1 that 
has no positive divisors other than 1 and itself, it is easily to infer that every 
composit number n has a prime factor less than or equal to y/n. In fact if n has 
a prime factor less than or equal to its square root it is a composite number. 
Conversely let suppose for simplicity that n could be written, according to the 
fundamental theorem of arithmetic [141113] . as the product of two primes a and 
b. If both of these two numbers were greater than \pn we should have that: 
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n = a ■ b > \fn ■ \fn = n, that is n > n, and it is not possible. The underlying 
rationale can be generalized to an arbitrary number of prime factors. 

So at least one prime divisors of each of the two quantity e±d, if composite, 
are in the interval [l, \fe ± d \ . On the other hand if e ± d are not divisible by 
any prime less then or equal to Ve ± d < y/2e then they can not be a composite 
integer, so it has to be prime. 

The following lemma introduces the calculation method for the number d 
depending on an arbitrary choice of suitable integers bi. 

Lemma 4.3. Given a natural number e and a set of k = Tr(\/2e) arbitrary 
integers bi, there exists an integer number d solution of the following system of 
congruencies: 

d = bi (modpi), i = l..k 

where pi are the k = 7r(\/2e) primes less then or equal to \[2e.. 

Proof. Observing that {pi,Pj) = 1 for i =/= j, the Chinese Remainder Theorem 
(CRT) [T5] tell us that the system has a solution congruent to pi ■ p 2 ■■■■■ Pk- 
The solution can be calculated by the following formula: 

d= Yl biPiPl, where: P — pi ■ p 2 ■ ... • Pk ,P% — P/Pi, and P[ is the inverse 

i<i<fc 

of P,, that is: PjP'j = l(modpi).D 

Let note that the right terms of several congruencies could be considered 
as negative integers, in this case the result of the lemma is still valid (that is, 
supposing bi > 0, we would have: d = —1 ■ bi (modpi) for some i G [l.-fc], 
and the correspondent terms of the expession of the solution would be modified 
accordingly multiplying by —1). 

Supposing that we can choose a set of integer numbers bi with i — 1..tt (V2e) 
such that binot = ±e(modpi), then the number d calculated by the foregoing 
method, if it is in the interval [— (e — 2), +(e — 2)], is such that: 

d = bi (mod pi) , and knot = ±e(modpi), dnot = ±e(modpi), that 
guarantees e ± d being a pair of primes. 

5 How to calculate the integers bi 

The system of congruencies defined in the Lemma 3 provides an integer d that 
depends on the choice of the k integers bi. Let us try to state the requirements 
they must meet. First of all we want the followings k conditions hold: binot= 
±e(modpi), in order to assure that e±dnot = (modpi), that is pi \ e±d, which 
ensures that e ± d will be prime numbers. A possible choice for the number bi 
could be that provided by the following lemma. 

Lemma 5.1. Let e be a positive integer, we denote pi,p 2 , ..-Pk the first k 
primes with k = ir(\^2e), then the quantity defined as follows are not congruent 
to ±e moduli pi for each i: 
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bi = 



Pi, if pi \ e, and h 



1, li pi | e with c^the i — th 



prime power according to the fundamental theorem of arithmctic[14"l IT5]. and 
[x] indicates the greatest integer less then or equal to x. 

Proof. First consider the case in which Pi \ e. Observe that the expression 
e — y represents the remainder after the division y , so it is not divisible by pi . 

If e ± hi was divisible by pi we could write: e = (h =F ^- ) P i, with h a generic 
integer, but this would mean that p t | e, contra hypothesis. Now suppose pi \ e, 
similarly if e ± bi was divisible by pi we could write: e = (h =F )pj + 1, with 



/i a generic integer, but but this would mean that pi \ e, contra hypothesis. □ 

Unfortunately the choice of the numbers bi as indicated by lemma 5.1 doesn't 
assure that d is less than our integer e, let see for instance the following sidebar 
related to the integer 68. 



e = 68 



Pi 


Pi 


P'i 


b t 


2 


1155 


1 


35 


3 


770 


2 


66 


5 


462 


3 


65 


7 


330 


1 


63 


11 


210 


1 


66 



d = 266805 (mod 2310) = 1155. Pl =d-e= 1087, p 2 = d + e = 1223, both 

prime numbers. 



In order to avoid values of d greater than or equal to e — 2 as well as, because 
the solution d could be negative depending on the choice of the sign of bi, in 
order to avoid values less than or equal to — (e — 2), the following constraints 
must hold: 

Qk ■ B T < e - 2 



where: B\ 



Qk-B T >-(e-2) 
(±&! ±b 2 ±b 3 ...±b k ), 



Qkxk — 



Pi -P{ ... 

Pi-P{ P2-P' 2 ... 

P x -P[ P 2 -P' 2 P 3 -Pi ... P k -P' k 



with det(Q) ^ 0. 



Observe that the solution d of the system of congruencies of lemma 3 is 
Q k ■ B T , where Qfe is the k — th row of the matrix Q, where k — T7(^/2e). 
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Let define now a function k : (N + x N pr i me ) — > N as follows ( where N + = 
N\ {0} ,Npr ime = {n > 2, nprime}): 

«(a;,p) = < 

[2p, p | a; 

Lemma 5.2. The definition of k(-, •) allow us to calculate at least one set 
of integer &j such that binot= ±e (modpi) with the following formula: 

&« = min («(e + j, p») • «(e - j, p,) • j) 

l<j<2pi — l 

Proof. The expression provided assures that every b- L is not a multiple of ±e 
moduli the i — th prime pi. In fact the j — th term of the set under analysis 
(let refer to it as bf ) is equal to j when pj doesn't divide e ± j and it is equal to 
2 • j • pi or 4 • j • pf otherwise. This leads to a partition in two subsets such that 
all the elements in the first set are less than all the elements in the second one. 
in particular we have: 

{bj} = {bT} U m ,m,n< 2 Pl , | {bT} | + | m |= 2p, - 1, {6™} n {&?} = 

6™ < 6™,Vm,n 
e ± m not = (modpi), Vm 
e ± n = (mod pi), 

The last two relations derive from the definition of the function k, similarly 
the first relation is consequence of the fact that pj doesn't divide e ± to so the 
number b™ is less than 2p, for each to, conversely because pi divides e ± n 
the number 6™ is greater than or equal to 2p^ for each n. The existence of a 
minimum, which is in the set {6™}, is ensured by the fact that the set is not 
empty due to the presence of at least one value of the index j not congruent to 
±e moduli Pi when j takes values between 1 and 2p- L — 1. So it holds: 

e ± b™ not = (modpi), Vto 

e±6™ = 0(TOodp,),Vn 

and therefore choosing the minimum in the first set it assures that they are not 
congruent to ±e moduli p 4 for each i.D 

After obtaining the candidates bi for each i, we have to resolve the system 
of congruencies of lemma 3 in order to calculate d. According to the explicit 
expression of the solution, we must consider 2 k formulas, with k = 7r(\/2e), in 
order to obtain a number d less than e — 1. 
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THEOREM 5.1. Given an arbitrary integer e > 3, there exists a choice 
of the quantities ±6j,with bi calculated according to lemma 5.2, that satisfies 
the following relations: 

Qk ■ B T < e - 2 



Qk-B T > -(e-2) 
where d — Qk- B T , is the solution of the system of k congruencies: 

d = bi (mod pi) 

such that the two integers e — d and e + d are prime numbers, that is there 
exists a pair of mirror primes respect to the integer e. 

Proof. In order to calculate the quantity d according to the lemma 3, we 
have to calculate the set of bi (positives by construction) as stated in lemma 
5.2. Once obtained these positive integers, we have to attribute the appropriate 
sign to each one. The choice of the integer +bi versus — bi can be viewed as the 
choice of two sets of binary variable cc, and yi, where: 

{0 Hi = 1 <=> we choose — bi 
1 <=> yi = <^=> we choose + b { 

The constrains can be written as: 

^2 Wi-Xi + ^(-Wi) -yi<e-2 

\<i<k l<i<k 

^2 W *' X i + ^2(~ w i) ■ Vi > -( e - 2 ) 

l<i<fc l<i<k 

where: 

Wi = bi- Pi - Pi, i = l..k. 

It may be observed that yi = 1 — Xi, and then the preceding constrains, 
after substituting t/j = 1 be written as (in the following the symbol [.] 

represents just parentheses): 



E 

Ki<k 



Wi ■ Xi < 



(e-2) + £ 



Ki<k 



/ 

Ki<k 



Xi > 



-(e-2) + £\ 



Ki<k 



Therefore it must be proved that, under the assumption that e > 3, the 
feasible set defined by the constraints is not empty. In other words, at least one 
choice of the binary variables Xi satisfies: 
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X -, 1 

Ki<k 



(e-2)+£> 



Ki<fc 



2 ^ 

Ki<fe 



y Wi ■ Xi > 

Ki<k 



-(e-2)+£ 



Ki<fc 



2 ^ 

Ki<k 



Wi - E 



where E — ^ e 2 2 - > . 



Now observe that the two constraints define a convex set. In fact, for all 
a G (0, 1) and considering two elements of this set x\ and x\ satisfying the 
constraints, we have: 



Wi-{ax\ + {l-a)x1) 



Ki<k 



a Y Wi-x] 

Ki<k 



(1 



Ki<k 



II', 



■4< E 

Ki<k 



W, 



E 



u>i • (ai- + (1 — a)x 2 ) = a lUj • + (1 — a) Wi-xf > - Wi — E 

l<i<k l<i<k l<i<k l<i<k 

The problem to find a solution in this set is known in literature as "Convex 
Feasibility Problem" |181 1151 [2D] . It consists in finding a point in the intersection 
of convex sets. The common way for solving it is the relaxation-projection 
algorithm |21l |2"2"] . Howevever we are interested for our goal in proving the 
existence of a choice of the variables a;,. Let observe that we may order the 
terms Wi such that: Wi < ii?j_|_i,Vi = l..k — 1, and then we can determine the 
index h such that: 



E w i < I E 

L<i</i l<i<* 

E «*^E 



2 ^ 

l<i<7i+l l<i<fe 

and therefore choose the variables as follows: 

Xi = 1, i = l..h, Xi = 0, i = h + l..fc 

With this choice of the values of the k variables we may have (note that 
E > and k > 2 if e > 3): 

\ E Wi > E m ' = E Wi ■ Xi > E w * ■ Xi ~ ^ 

l<i<fc l<i<h l<i<fc l<i<fe 

And therefore the first constraint is satisfied. 

Regarding the second constraint let notice that from the expression provided 
by lemma 5.2 and observing that pi < y/2e, the following holds: 
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h<2pi-l< 2V2e - 1 

Furthemore from the fact that P- < pi , considering the expression provided 
by lemma 4.3, it holds: 

From these two inequalities it is now possible express a general upper bound 
for the terms wf. 

w t < (2V2i - l)n(V2e)V2e < 4e7r(\/2e) 
We can write indeed: 

l<i<k l<i<k 

< 2ekir(V2^) - 4eft7r(V2^) = 2e7r(v / 2e)(fc - 2ft) 
Conseguently the second inequality under analysis can be written as: 
2e7r(\/2e)(fc-2ft) < 

that is: 

2 + 4e7r(^)(fc-2ft) < e 

expression satisfied if: 




Condition that is necessary true based on the definition of index ft. 
Then the particular choice of the set of binary variables satisfies both of the 
constraints. □ 

Let see as an example the following sidebar where the calculus is provided 
for the integer 16. 
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e = 16 



Pi 


3 




min 


2 


[1.3] 


{1,32,3} 


1 


3 


[1.5] 


{6,12,3,24,30} 


3 


5 


[1,9] 


{10,2,3,40,5,60,7,8,90} 


2 



from the CRT: 



Pi 


-Pi 


p 'i 


k 


2 


15 


1 


1 


3 


10 


1 


3 


5 


6 


1 


2 



d h = ±6i • 15 ± b 2 • 10 ± b 3 • 6, 1 < h < 2 3 
for example consider the following choices: 

+1- 15 + 3- 10 + 2-6 = 57 >e-2 

-l-15 + 3-10-2-6 = 3<e-2 

+1 ■ 15 - 3 ■ 10 + 2 ■ 6 = -3 > -(e - 2) 

-1 ■ 15 - 3 ■ 10 + 2 ■ 6 = -33 < -(e - 2) 

the second and the third are feasible solutions 
therefore if we can choose d = 3: 

16 — 3 = 13 , prime 

16+$= 19 , prime 
so that: 

13 + 19 = 32 = 2-16 



While we have spoken up to now in terms of deriving a generic value for the 
quantity d, it could be required to identify the greatest or the smallest d with 
the properties we have dicussed in the preceding. The natural way to do this is 
to write the related optimization problem in terms of integer linear program, 
and we can see that it is a special case of well known formulation classified in 
literature as 'Knapsack Problem'[16 : 

maximize (or minimize) W A (i X fe)^"(fexi) 
subject to: 
WX < U 
-WX < U' 

xi e {0,1} 

where: 

U= \ £ Wi+E,U' = -l £ Wi + E, 

l<i<k l<i<k 
W(lXk) = ( w l •■• W k ), A( fexl) = (xi ... X k ) T . 

Given a set of items, each with a weight and a value (in our case they 
are coincident and the problem is called 'Subset sum problem'), determine the 
number of each item to include in a collection so that the total weight is less 
than or equal to a given limit and the total value is as large as possible. It 
derives its name from the problem faced by someone who is constrained by a 
fixed-size knapsack and must fill it with the most valuable items. Moreover, 
considering the two sets of constrains, we observe that various methods are 
known in literature in order to deal with negative weight |17| . 
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